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EMBEDDING THEOREMS FOR QUASITORIC
MANIFOLDS
VICTOR BUCHSTABER, ANDREY KUSTAREV
Abstract. The study of embeddings of smooth manifolds into
Euclidean and projective spaces has been for a long time an
important area in topology. In this paper we obtain improvements
of classical results on embeddings of smooth manifolds, focusing
on the case of quasitoric manifolds. We give explicit constructions
of equivariant embeddings of a quasitoric manifold described
by combinatorial data (P,Λ) into Euclidean and complex
projective space. This construction provides effective bounds on
the dimension of the equivariant embedding.
1. Preface
The starting point of our research are the following classical results.
Theorem (Mostow-Palais). Let M be a compact smooth
manifold with a smooth action of compact Lie group G. Then there
exists a smooth embedding M → RN equivariant with respect to
a linear representation G→ GL(N,R).
Theorem (Kodaira) Let M be a compact complex manifold
with a positive holomorphic linear bundle (for example, M possesses
a rational Ka¨hler form). Then there exists a complex-analytic
embedding M → CPN .
Theorem (Gromov-Tishler). Let M be a compact symplectic
manifold with an integral symplectic form ω. Then there exists
a symplectic embedding of M to CPN with the standard symplectic
form.
The central subject of this paper are theorems on equivariant
embeddings of quasitoric manifolds defined by combinatorial data.
One of our tasks is to improve the classical theorems in the case
when combinatorial data defines the corresponding structure on the
underlying quasitoric manifold.
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The key object of study of toric topology [8] is a moment-
angle manifold ZP = Zm+nP endowed with canonical projection map
ρP : ZP → P , where P = P n ⊂ Rn is a simple n-dimensional
polytope with m facets. The manifold ZP may be realised as the
smooth submanifold in Cm invariant under the standard action of
torus Tm on Cm. The equivariant embedding ZP →֒ Cm induces
the map of the orbit spaces iP : P → Rm>0. The manifold ZP is a
complete intersection of (m − n) real quadratic hypersurfaces in Cm.
For polytopes P admitting characteristic function l : Tm → Tn there
exists an (m− n)-dimensional toric subgroup K ⊂ Tm acting freely on
ZP . The orbit space of this action ZP/K = M = M2n is defined to
be the quasitoric manifold M(P,Λ). Here the polytope P is a subset
in Rn given by the system of inequalities APx + bP > 0 and Λ
is an integral (n × m)-matrix satisfying the independence condition.
When the polytope P is fixed, there is a one-to-one correspondence
between (m − n)-dimensional toric subgroups K acting freely on ZP
and matrices Λ satisfying independence condition and defined up to
the multiplication by an element of GL(n,Z). The canonical projection
map ρP : ZP → P splits into the composition ZP → M → P and the
projection π : M → P is called a moment map.
Consider spaces Rn × Cq and Rn × CP q−1 with the trivial
action of Tq on Rn and the standard action on Cq and
CP q−1. We will provide an explicit construction of an equivariant
embedding M(P,Λ)→ Rn × Cq1 for some q1 (see theorem 5.5). The
composition map M → Rn × Cq1 → Rn coincides with moment map
π : M → P ⊂ Rn. It follows that the moment map can be extended to
an equivariant embedding.
The next main result describes an equivariant embedding
M(P,Λ)→ Rn × CP q2−1 for some q2 that is also an extension of the
moment map π : M → P ⊂ Rn. This embedding is determined by
the combinatorial data (P,Λ) and a representation k˜ : K → T1 (see
theorem 5.6). We describe the induced homomorphism of cohomology
groups H2(,˙Z) in terms of the representation k˜ : K → T1. We provide
an algorithm of constructing the embedding from theorems 5.5 and 5.6
starting from combinatorial data (P,Λ) and a character k˜. Moreover,
theorems 5.5 and 5.6 provide effective explicit bounds on dimensions
of the equivariant embedding.
The class of non-singular toric varieties is well-known in
algebraic geometry. Every toric variety coming from simple
polytope is canonically associated with combinatorial data (P,Λ)
such that bP ∈ Zm and AP = ΛT . We describe implications of
theorems 5.6 and 6.1 that allow to construct the corresponding
equivariant embedding M(P,Λ) → CP q2−1 and point out the
connection with projective embeddings of toric varieties in algebraic
geometry.
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2. Notation
Cm is the standard complex linear m-dimensional space endowed
with the canonical basis e1 = (1, 0, . . . , 0), . . ., em = (0, . . . , 0, 1);
Rm ⊂ Cm is the standard linear space generated by e1, . . . , em;
Rm>0 ⊂ Rm is the positive cone i.e. the area formed by all points in
Rn with nonnegative coordinates;
Z
m ⊂ Rm is the standard lattice generated by e1, . . . , em;
Tm ⊂ Cm is the standard compact torus
{(t1, . . . , tm) ∈ Cm : |tk| = 1, k ∈ [1, m]}; the map exp : Rm → Tm
given by the formula exp(x1, . . . , xm) = (e
2piix1 , . . . , e2piixm) induces the
canonical isomorphism of Tm and Rm/Zm. The standard k-dimensional
compact torus is denoted by Tk and an abstract k-dimensional toric
subgroup in the standard torus is denoted by T k;
TI ⊂ Tm is a toric subgroup corresponding to an index set I ⊂ [1, m];
the set I = {i} defines coordinate torus Ti ⊂ Tm;
ρ : Cm → Rm is the standard moment map given by the formula
(1) ρ(z1, . . . , zm) = (|z1|2, . . . , |zm|2);
s : Rm>0 → Cm is the map given by the formula
(2) s(x1, . . . , xm) = (
√
x1, . . . ,
√
xm),
note that ρ ◦ s = id.
3. Combinatorial data and moment-angle manifolds
A polytope P = P n of dimension n with m facets is defined as the
set of points in Rn satisfying m inequalities:
(3) P = {x ∈ Rn : 〈ai, x〉+ bi > 0}, i = 1 . . .m.
We assume that inequalities are not redundant.
The number of i-dimensional faces of P is denoted by fi(P ), so
m = fn−1(P ). We may rewrite (3) using the matrix form:
(4) APx+ bP > 0,
where AP is an (m× n)-matrix and bP ∈ Rm.
The matrix AP and the vector bP define an affine map
(5) iP : R
n → Rm, iP (x) = APx+ bP ,
and by (4) we have iP (P ) = iP (R
n) ∩ Rm>0.
The set of coordinate subspaces of Rm>0 has a canonical combinatorial
structure of partially ordered set. Using this structure, we may
introduce canonical moment-angle coordinates in Cm. The section
s : Rm>0 → Cm defines a map Tm × Rm>0 → Cm by the formula
(t, x) → t · s(x). This map, in turn, allows us to identify Cm with
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the quotient space
(
Tm×Rm>0
)
/ ∼, where (t1, x1) ∼ (t2, x2) if and only
if x1 = x2 and the element t1t
−1
2 belongs to an isotropy subgroup of the
point s(x1) = s(x2).
Since the matrix AP has the maximum possible rank of n, there exists
an epimorphism Rm → Rm−n with its kernel equal to Im(AP ). Fixing
a frame in Rm−n allows to define this epimorphism by the ((m−n)×m)-
matrix CP = (cj,k) such that CPAP = 0 and CP has the rank (m− n).
Theorem 3.1. [4] The set ZP = ρ−1(iP (P )), where P and ρ are given
by (3) and (5), is a real-algebraic (m+ n)-dimensional submanifold in
Cm. The manifold ZP is endowed with a smooth action of Tm induced
by the standard action of Tm in Cm. Moreover, ZP is a complete
intersection of (m − n) real quadrics in Cm, which are given by the
formulas
(6)
m∑
k=1
cj,k(|zk|2 − bk) = 0, j = 1 . . . (m− n).
Definition 3.2. The manifold ZP is called a moment-angle manifold
of the simple polytope P .
If P is a standard n-simplex ∆n ⊂ Rn, then iP (P ) is a regular
simplex in Rn+1 – a convex hull of basis vectors e1, . . . , en+1. The
manifold ZP coincides with the standard sphere S2n+1 ⊂ Cn+1 endowed
with the canonical action of the torus Tn+1. Therefore, moment-angle
manifold ZP may be considered as the natural generalization of the
odd-dimensional sphere S2n+1 ⊂ Cn+1.
Denote by Fj, j ∈ [1, m], the facets (that is, faces of codimension
one) of the polytope P . Every index set I ⊂ [1, m] determines a toric
subgroup
(7) TI =
∏
i∈I
Ti.
We will say that an index set I ⊂ [1, m] is admissible if the intersection
(8) FI =
⋂
i∈I
Fi
is not empty. In this case every face of the polytope P has the form
FI =
⋂
i∈I
Fi for some admissible set I.
Faces of the polytope P form a partialy ordered set S(P ) that is
called a face lattice. We define an open face
◦
F as the set of points in
F ⊂ P not lying in any of smaller faces of P ; hence, the polytope P
splits into a disjoint union of open faces and every point p ∈ P lies in
a unique open face of P . This open face will denoted by
◦
F (p) and the
corresponding ordinary face will be denoted by F (p). Therefore, the
polytope P possesses a canonical structure of combinatorial cellular
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complex with open faces as cells; all gluing maps in this complex are
injective.
Denote by S(Tm) the set of all toric subgroups of Tm. Then there
is a function χ : S(P )→ S(Tm) assigning to every face F = FI the
coordinate torus TI ⊂ Tm. Given a point p ∈ P , we denote by T (p) the
toric subgroup χ(F (p)).
The canonical projection map ZP → P will be denoted by ρP . In
this case the subgroup χ(F ) ⊂ Tm is the isotropy subgroup of the
set ρ−1P (F ) ⊂ ZP and also the isotropy subgroup of any point in
ρ−1P (
◦
F ) ⊂ ZP . The combinatorial structure of ZP considered above is
induced by the canonical map ZP →֒ Cm. In particular, the following
holds.
Lemma 3.3. There exists a section sZP : P → ZP of the map
ρP : ZP → P .
Proof. The section sZP : P → ZP is defined by s : Rm>0 → Cm. 
4. Characteristic functions and quasitoric manifolds
Davis and Janusckiewicz introduced toric varieties’ topological
counterparts in their seminal paper [10]. This new class of topological
manifolds has been described in terms of properties shared by
non-singular projective toric varieties. To distinguish this new class
of manifolds from toric varieties, the new term «quasitoric manifolds»
has been adopted ([3]).
Fixing an arbitrary set Q and a group G, there is a fundamental
correspondence between the sets of following objects ([5]):
• a set X with a left action of G and an orbit space X/G = Q
endowed with a section s : Q→ X.
• a map Q→ S(G), where S(G) is a set of subgroups of G.
Given an action of G on X such that X/G = Q and a section
s : Q→ X, one can define a function χ : Q → S(G) mapping a point
q ∈ Q to a stationary subgroup Gs(q) ∈ S(G) of s(q). Conversely,
a map χ : Q→ S(G) defines an action of the group G on a quotient
set X = ((Q × G)/ ∼), where (q1, g1) ∼ (q2, g2) ⇔ q1 = q2 and
g1g
−1
2 ∈ χ(q1). We obtain space X with the left action of the group
G given by a formula g · (q, h) = (q, gh) and a section s(q) = (q, e). The
orbit space of this action is obviously identified with the set Q.
Following the definition in [10], let us consider a topological space
Z˜P = (P × Tm)/ ∼,
where
(p1, t1) ∼ (p2, t2) ⇐⇒ p1 = p2 and t1t−12 ∈ T (p1).
Topological invariants of space Z˜P are determined by combinatorial
invariants of the underlying polytope P . As noted in ([5]), the existence
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of a section map is crucial in establishing the equivalence of different
constructions of moment-angle manifolds and quasitoric manifolds. In
the case of moment-angle manifolds ZP the section map exists, as
shown in lemma 3.3.
Lemma 4.1. There is a canonical Tm-equivariant homeomorphism
Z˜P → ZP .
Proof. We will use the section sZP : P → ZP constructed in lemma
3.3. Consider a natural Tm-equivariant map zP : (P ×Tm)→ ZP given
by the formula
zP (p, t) = (t · sZP (p)).
The map zP induces a homeomorphism Z˜P → ZP . 
Definition 4.2. The topological manifold Z˜P is called a combinatorial
model of the moment-angle manifold ZP corresponding to the polytope
P .
Corollary 4.3. For a given combinatorial type of polytope P there
exists a unique (up to Tm-equivariant homeomorphism) combinatorial
model Z˜P of the moment-angle manifold ZP .
Recall that the geometric realization of the polytope P by the
pair (AP , bP ) determines the smooth manifold ZP endowed with
the canonical equivariant homeomorphism Z˜P → ZP . There is
a correspondence:
• convex geometry of P ⇐⇒ geometry and differential topology
of ZP
• combinatorics of P ⇐⇒ algebraic topology of the combinatorial
model Z˜P .
It is not known whether there exist non-diffeomorphic moment-angle
manifolds ZP1 and ZP2 with combinatorially equivalent polytopes P1
and P2. As shown in [11], any two combinatorially equivalent simple
polytopes are diffeomorphic in the category of manifolds with angles.
The study of the combinatorial model Z˜P is strongly connected with
an invariant s(P ) known as Buchstaber number ([3], [8]). The number
s(P ) is defined as the maximum possible dimension of a toric subgroup
in Tm acting freely on ZP . Since ZP is equivariantly homeomorphic
to the combinatorial model Z˜P , the number s(P ) is a combinatorial
invariant of the polytope P . A survey of recent results about s(P ) may
be found in [13].
For a given simple polytope P = P n with m facets the maximum
possible value of s(P ) is equal to m − n. In this case there exists
a subgroup K ⊂ Tm isomorphic to Tm−n and acting freely on ZP .
The subgroup K may be defined via short exact sequence of the form
(9) 1 −→ K −→ Tm −→ Tn −→ 1.
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Let us fix an (m−n)-dimensional subgroup K ⊂ Tm acting freely on
ZP . Fixing basis in K ≃ Tm−n, we obtain an integral (m × (m − n))-
matrix C determining a monomorphism Tm−n → Tm. The matrix C is
determined up to a change of basis in the torus Tm−n; ifD is an integral
matrix defining basis change in Tm−n, the matrix C is replaced by CD.
Once the subgroup K is fixed, defining an epimorphism Tm → Tn in
the short exact sequence (9) is equivalent to choosing the basis in the
quotient group Tm/K. Let us fix some basis in the group Tm/K ≃ Tn.
Denote by l : Tm → Tn the corresponding epimorphism in the short
exact sequence (9). Recall that an index set I ⊂ [1, m] is admissible if
the intersection of corresponding facets is not empty in the polytope
P . Then the homomorphism l satisfies the following independence
condition:
• (I – admissible set) =⇒ (TI ∩ ker l = 1).
The homomorphism l is called a characteristic function for the
polytope P . Once the bases in Tm and Tn are fixed, we see that the
homomorphism l : Tm → Tn is determined by an integral (n × m)-
matrix Λ. By construction, we have ΛC = 0. Moreover, independence
condition for l implies the following property of Λ (that will also be
called an independence condition):
• if Λv is a matrix formed by columns corresponding to facets
containing some vertex v, then det Λv = ±1.
We obtain a short exact sequence of coordinate tori of the form:
(10) 1→ Tm−n i−→ Tm l−→ Tn → 1,
where homomorphism l is given by the matrix Λ and homomorphism
i is an embedding K →֒ Tm defined by the matrix C.
As shown in [4], this construction is invertible: any simple polytope
P ⊂ Rn with m facets and an (n × m)-integral matrix Λ satisfying
independence condition determine a characteristic homomorphism
l : Tm → Tn. The kernel K = ker l acts freely on the corresponding
moment-angle manifold ZP .
Definition 4.4. ([4]). The quotient space M = ZP/K, endowed with
a canonical smooth structure, is called a quasitoric manifold determined
by combinatorial data (P,Λ).
Recall that the construction of a moment-angle manifold uses only
the simple polytope P ⊂ Rn. To define the quasitoric manifold,
one needs an additional piece of information, namely, the matrix Λ
determining a characteristic function l. The problem of describing
simple polytopes P admitting at least one characteristic function is still
open. Simple polytopes that do not admit a characteristic function are
known to exist in every dimension n > 3. Any three-dimensional simple
polytope admits a characteristic function by the four-color theorem.
This characteristic function is constructed via the edge graph of the
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dual polytope; the algorithm is quadratic by the number of vertices of
the polytope (see e.g. [22]).
The manifold M is equipped with the induced action of compact
torus Tn ≃ Tm/K. The action of Tn on M is locally standard: any
point x ∈M has an open neighborhood equivariantly diffeomorphic to
a region in Cn with the standard action of Tn. This implies that the
action of Tn has only isolated fixed points on M .
If we denote by πl : ZP →M the canonical projection to the quotient
space, then the projection map ρP : ZP → P splits into composition
ρP = π ◦ πl, where π : M → P is called a moment map. This name
comes from the theory of Hamiltonian torus actions on symplectic
manifolds ([1], [12], [16]). The moment map defines a bijection between
the set of fixed points of torus action on M and the set of vertices of
the polytope P .
Let v =
⋂
i∈I
Fi be a vertex of the polytope P . The independence
condition implies that the square matrix Λv induces an automorphism
of torus Tn. It follows that the matrix Λ−1v Λ is also the matrix of
a characteristic homomorphism lv : T
m → Tn, whose restriction to the
coordinate subtorus TI is given by the unit (n × n)-matrix. Suppose
that vertices of the polytope P are ordered in such a way that v =
⋂
i∈I
Fi
is an intersection of first n facets. Then the matrix Λ−1v Λ of the
characteristic homomorphism lv has the following form (it is called
reduced form of the characteristic matrix):
(11) Λ−1v Λ =


1 · · · 0 λ1,n+1 · · · λ1,m
...
. . .
...
...
. . .
...
0 · · · 1 λn,n+1 · · · λn,m

 .
In this case the (m × (m − n))-matrix C may be written in the
following form:
(12) C =


−λ1,n+1 · · · −λ1,m
...
. . .
...
−λn,n+1 · · · −λn,m
1 · · · 0
...
. . .
...
0 · · · 1


.
Topological space Z˜P played an intermediate role in the paper [10]
– it was employed for constructing topological models of quasitoric
manifolds M˜ = (P × Tn)/ ∼, where:
(p1, t1) ∼ (p2, t2) ⇐⇒ p1 = p2 and t1t−12 ∈ l(T (p1)).
As mentioned in [5], one has to specify a section P →M before
proving that space M˜ is homeomorphic to an abstract quasitoric
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manifold defined in [10] by axioms. In this paper we define quasitoric
manifolds as the quotients of moment-angle manifolds, so the
construction of a section P →M is straightforward.
Lemma 4.5. The map π : M → P has a canonical continious section
sM : P → M .
Proof. Let sM = πl ◦ sZP . 
The polytope P has a canonical structure of smooth manifold with
angles; the projection map π and section map s are smooth with respect
to this structure.
Lemma 4.6. There exists a canonical Tn-equivariant homeomorphism
M˜ → M .
Proof. Consider a natural Tn-equivariant map zM : (P × Tn) → M
given by the formula
zM(p, t) = (t · sM(p)).
The map sM induces the homeomorphism M˜ → M . 
We see that the topological manifold Z˜P is the universal object for
all quasitoric manifolds determined by combinatorial data (P,Λ). Any
quasitoric manifold that is determined by a pair (P,Λ) is equivariantly
homeomorphic to a quotient space of the topological manifold Z˜P by
a free torus action.
Let F = FI =
⋂
i∈I
Fi be a face of codimension k of the polytope P .
Recall that the embedding K →֒ Tm is given by the (m × (m − n))-
matrix C. Denote by CI the matrix obtained from C by removing rows
with indices from the set I.
Lemma 4.7. [4] The matrix CI determines a monomorphism of Z
m−n
to a direct summand in Zm−|I|.
Proof. It is enough to show that the corresponding composition map
K →֒ Tm → T[1,m]\I is a monomorphism. The kernel of projection
map Tm → T[1,m]\I is the torus TI ⊂ Tm, and since K = ker l and
l : Tm → Tn is a characteristic homomorphism, the subgroups K and
TI have trivial intersection. 
Lemma 4.8. Quasitoric manifold M has a canonical T n-invariant
Riemannian metric.
Proof. The action of the compact torus Tm on Cm is orthogonal, so
is the action of K ⊂ Tm on the moment-angle manifold ZP ⊂ Cm. The
metric on the quotient M = ZP/K is therefore well-defined. 
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5. Equivariant embeddings of quasitoric manifolds.
Every vector a = (a1, . . . , am) ∈ Zm determines a real-algebraic
monomial function ϕa : C
m → C given by the formula:
ϕa(z1, . . . , zm) = zˆ
a1
1 · . . . · zˆamm ,
where
• zˆaii = 1 if ai = 0,
• zˆaii = zaii if ai > 0,
• zˆaii = z¯−aii if ai < 0.
Let t = (t1, . . . , tr) ∈ Tr, a = (a1, . . . , ar) ∈ Zr, A be an integral
(l× r)-matrix and Ak be the k-th row of the matrix A. We will use the
notation ta = ta11 · . . . · tarr ∈ T1 and tA = (tA1, . . . , tAl) ∈ Tl.
It follows directly from the definition that if a ∈ Zm and t ∈ Tm,
then ϕa(tz) = t
aϕa(z) for all z ∈ Cm. The standard lattice Zm ⊂ Rm
may be identified with the lattice of characters of the torus Tm, which
is a subset of conjugate Lie algebra t∗m. The group K is a direct factor
in the torus Tm, so the epimorphism of conjugate Lie algebras t∗m → k∗
induces an epimorphism of corresponding lattices of characters. Any
character K → T1 may be split into a composition K →֒ Tm → T1
and therefore is determined by a vector a ∈ Zm. Conversely, any vector
a ∈ Zm determines a character ka : K →֒ Tm → T1.
Recall that the embedding of the group Tm−n ≃ K →֒ Tm is given
by the matrix C, so any element t ∈ K has the form t = τC for some
(unique) element τ ∈ Tm−n.
Lemma 5.1. For any t ∈ K we have
ϕa(tz) = τ
aTCϕa(z),
where t = τC and τ ∈ Tm−n.
Proof. We have ϕa(tz) = t
aϕa(z) = (τ
C)a ϕa(z) = τ
(aTC)ϕa(z). 
Lemma 5.2. Let a, a′ ∈ Zm. Then the following statements are
equivalent:
(1) vectors a and a′ generate the same character of the group K,
(2) CTa = CTa′,
(3) (a − a′) ∈ ImΛT .
Proof. The character of the group K induced by the vector a− a′ is
trivial if and only if (a − a′) ∈ kerCT . Since CT is a cokernel matrix
for ΛT , spaces kerCT and ImΛT coincide. 
Therefore, the standard lattice Zm ⊂ Rm splits into affine layers
of the form (CT )−1(b), b ∈ Zm−n, and vectors from the same layer
determine the same character K → T1. The sublattice kerCT ∩ Zm
corresponds to the trivial character of K.
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Lemma 5.3. Suppose that vectors a1, . . . , aq ∈ Zm define the same
character k˜ : K → T1. Let ϕ : ZP → Cq be a restriction of the monomial
map (a1, . . . , aq) to the moment-angle manifold ZP ⊂ Cm.
(1) If the character k˜ is trivial, then ϕ is constant on orbits of
the action of K on ZP . The map ϕ induces a smooth map
ϕ˜ : M → Cq equivariant with respect to some representation
Tn → Tq, where action of Tq on Cq is supposed to be standard.
(2) If the maps ϕa1 , . . . , ϕaq don’t vanish simultaneously on ZP ,
then the map ϕ induces a smooth map ϕ˜P : M → CP q−1
equivariant with respect to some representation Tn → Tq, where
the action of Tq on CP q−1 is supposed to be standard.
Proof. The map ϕ is equivariant with respect to the representation
T
m → Tq generated by vectors a1, . . . , aq. As mentioned above, ϕa(tz)
= k˜(t)ϕa(z) for every t ∈ K. So if the character k˜ is trivial, the
map ϕ : ZP → Cq is constant on orbits of the smooth action of
the compact group K. The map ϕ therefore induces a smooth map
ϕ˜ : M → Cq, which is equivariant with respect to some representation
Tm/K ≃ Tn → Tq.
If the character k˜ is nontrivial, the action of any element t ∈ K on
ZP multiplies all components of ϕ by the same complex number. Since
the image ϕ(ZP ) ⊂ Cq is compact and does not contain the origin,
we may apply the same arguments as above to the composition map
ϕ˜P : ZP ϕ−→ Cq \ {0} → CP q−1. 
Definition 5.4. Maps of the form ϕ˜ : M → Cq and ϕ˜P : M → CP q−1
constructed by a family of vectors a1, . . . , aq as in lemma 5.3 are called
monomial maps of the quasitoric manifold M .
Therefore, functions of the form ϕa, a ∈ Zm, generate a family of
smooth equivariant maps of the manifold M . As we will show, this
family is wide enough to construct equivariant embeddings of quasitoric
manifolds to projective spaces in terms of combinatorial data (P,Λ).
These embeddings are parametrized by characters of the group K; the
trivial character defines an equivariant embedding to Euclidean space.
Consider a generic situation of a compact Lie group G acting
smoothly on a compact manifold M . According to Mostow-Palais
theorem ([19], [21]), there exists a smooth embedding M → RN
equivariant with respect to some representation G → GL(N,R). The
proof uses functional analysis: matrix elements of finite-dimensional
representations of G are dense in space of all smooth functions on
M with the canonical action of group G. Note that Mostow-Palais
theorem does not provide any bounds on the dimension of space
of the embedding. We will show that for quasitoric manifolds one
can construct an equivariant embedding in an explicit way by using
monomial maps defined above. A natural bound for the dimension of
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space of the embedding is in this case given by the number of edges of
the polytope P .
Let us fix some character k˜ : K → T1. Since the matrix C determines
the isomorphism of Tm−n andK, the character k˜ is uniquely determined
by some vector b˜ ∈ Zm−n. Recall that for a given set of indices I ⊂ [1, m]
we denote by CI the matrix obtained from C by removing rows with
indices from I.
• Let r ⊂ P be an edge of the polytope P . Since the action of
Tn on M is locally standard, the isotropy subgroup χ(π−1(r))
of the submanifold π−1(r) is an (n− 1)-dimensional toric
subgroup in Tn. Denote by Φr : T
n → T1 the character with
kernel isomorphic to χ(π−1(r)), and by µr the composition
µr : T
m l−→ Tn Φr−→ T1. There is an ambiguity in the definition
of µr which will be resolved a bit later.
• Let k˜ : K → T1 be a character of the group K and
v = FI ∈ P be a vertex of P . By lemma 4.7, the projection map
pI : K →֒ Tm → T[1,m]\I is an isomorphism. One may associate
with the vertex v a character kv : T
m → T[1,m]\I
p−1
I−→ K k˜−→ T1.
• Let k˜ : K → T1 be a character of the group K, r ⊂ P an edge
of P and v ∈ r a vertex lying on the edge r. Then the pair (v, r)
determines a character kv,r : T
m → T1 defined as the sum of the
characters kv : T
m → T1 and µr : Tm → T1.
The set of pairs of the form {character k˜ : K → T1, vertex v ∈ P}
determines the set of characters {kv|v ∈ P} ⊂ ch(Tm) and the set of
triples of the form {character k˜ : K → T1, edge r ⊂ P , vertex v ∈ r}
determines the set {kv,r|v ∈ r ⊂ P} ⊂ ch(Tm), where ch(Tm) is the
set of all characters of Tm. Therefore, every character k˜ : K → T1
determines the set Xk˜ = ({kv} ∪ {kv,r}) ⊂ ch(Tm). We list some of the
properties of the set Xk˜ and characters kv and kv,r:
(1) The number of different characters in Xk˜ does not exceed
f0(P )(n + 1), because there are at most f0(P ) characters {kv}
and at most nf0(P ) = 2f1(P ) characters of the form {kv,r}. In
practice, |Xk˜| is often much less than this upper bound, since
characters kv and kv,r may be equal for different vertices v ∈ P
and pairs (v, r).
(2) The restriction of any of characters kv and kv,r to the subgroup
K ⊂ Tm is equal to k˜ : K → T1.
(3) For any vertex v ∈ P the character k˜v is trivial if and only if
the character k˜ is trivial.
(4) The character µr does not depend on k˜ and is nontrivial for
every r ⊂ P . The restriction of µr to the subgroup K is trivial.
(5) Every character kv, v ∈ P , is well-defined, but characters
Φr : T
n → T1 and µr : Tm → T1 are defined only up to
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multiplication by ±1, so the definition of kv,r is still ambiguous.
If v0, v1 are vertices lying on an edge r ⊂ P , then, as we will
show later, the character kv1 − kv0 is a multiple of µr. We set
kv0,r = kv0 + µr, where µr has the same direction as kv1 − kv0 .
If kv1 = kv0 , then we assume that the first nonzero coordinate
of m-vector defining µr : T
m → T1 is positive.
(6) If the character k˜ is trivial, the cardinality ofXk˜ does not exceed
f1(P )+ 1, because kv ≡ 1 for all v ∈ P and if v0, v1 are vertices
of an edge r ⊂ P , then kv0,r = kv1,r = µr.
Vectors wr that define characters Φr, r ⊂ P , form an integral (n×q)-
matrix W . Consider the corresponding linear representation Φ of the
torus Tn in linear space Cq. The moment map π : M → P ⊂ Rn is
equivariant with respect to the trivial torus action on Rn.
Theorem 5.5. The moment map π : M → P can be extended to
a real-algebraic embedding π×ϕ˜ : M → Rn×Cq equivariant with respect
to the representation Φ: Tn → Tq.
The number q in theorem 5.5 does not exceed the number of edges
of P , as follows from the construction of the representation Φ.
Theorem 5.5 is a corollary of a more general result on projective
embeddings of a quasitoric manifold M . Every character from the set
Xk˜ constructed above determines a vector a ∈ Zm, which in turn
determines a monomial function ϕa : C
m → C. Therefore, the set Xk˜
determines a monomial map ϕk˜ : C
m → Cq, where q = |Xk˜|. As we will
show, the corresponding map ϕ˜
P,k˜ : M → CP q−1 is well-defined.
Every representation k˜ : K → T1 determines a complex linear bundle
ξk˜ →M , where ξk˜ = ZP ×K C and the action of K on C is defined via
the character k˜. It is known from algebraic topology that the groups
H2(M,Z) and ch(K) are isomorphic and so we may assign to the
character k˜ : K → T1 the cohomology class c1(ξk˜) ∈ H2(M,Z). Note
that the class c1(ξk˜) is determined by a map f : M → CPN such that
the bundle ξk˜ over M is a pull-back of the tautological linear bundle on
CPN for N large enough. It turns out that the map f may be extended
to an embedding of M .
Theorem 5.6. The set of characters Xk˜, where k˜ : K → T1
is an arbitrary character, determines a monomial map
ϕ˜
P,k˜ : M → CP q−1 (see def. 5.4) that can be extended to an embedding
π × ϕ˜
P,k˜ : M → P × CP q−1. The induced cohomology pullback
ϕ˜∗
P,k˜
: H2(CP q−1,Z)→ H2(M,Z) coincides with the classifying
map H2(CP∞,Z)
≃−→ H2(CP q−1,Z) → H2(M,Z) of the bundle ξk˜. If
the character k˜ is trivial, then the image of the map ϕ˜
P,k˜ lies entirely
in some affine chart Cq−1 ⊂ CP q−1.
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Remark 5.7. If the pair (P,Λ) determines a projective toric variety,
then embeddings in theorem 5.6 generalize projective embeddings from
algebraic geometry.
Let us provide an explicit algorithm for constructing the set
Xk˜ ⊂ chTm starting from (P,Λ) and a character k˜ : K → T1.
(1) Construct the matrix C that fits into the short exact sequence
1→ Tm−n C−→ Tm Λ−→ Tn → 1.
Recall that Im(C) = K ⊂ Tm.
(2) Using C, we may identify the character k˜ : K → T1 with
a character of standard torus Tm−n given by a vector b˜ ∈ Zm−n.
(3) For a given vertex v = FI ∈ P consider an ((m−n)× (m−n))-
matrix CI obtained from (m× (m− n))-matrix C by removing
n rows corresponding to the index set I (by lemma 4.7, the
matrix CI is invertible).
(4) Consider a vector bv ∈ Zm obtained from the vector
(CTI )
−1(b˜) ∈ Zm−n by putting zeros in places from the index
set I. Let kv : T
m → T1 be a character corresponding to the
vector bv.
(5) For every edge r ⊂ P and vertex v ∈ r denote by v′ ∈ P
an opposite vertex on that edge. Suppose first that bv′ 6= bv.
We define vector av,r as the closest lattice point to bv lying on
the ray starting in bv and containing bv′ . If bv = bv′ , we set
av,r = bv + ur, where ur = α
T
r Λ and αr is a primitive n-vector
orthogonal to all columns of Λ with indices from the index set
J , r = FJ . We require first nonzero component of the vector ur
to be positive.
(6) Every vector av,r, v ∈ r ⊂ P , defines a character kv,r : Tm → T1.
(7) Define the set Xk˜ as the set formed by all characters kv, v ∈ P ,
and kv,r, v ∈ r ⊂ P .
Note that if r ⊂ P is an edge containing vertices v and v′, the vector
ur = α
T
r Λ is collinear with bv′ − bv, if the last vector is not zero.
Example 5.8. Consider a manifold CP n that is a toric variety over
the polytope ∆n ⊂ Rn+1 = Rm. In this case (n× (n+1))-matrix Λ has
the form
Λ =


1 . . . 0 −1
...
. . .
...
...
0 . . . 1 −1

 ,
and the matrix C is a vector (1, . . . , 1)T of length (n+1). The characters
of the group K are defined by numbers b˜ ∈ Zm−n = Z.
Let us first consider the case when k˜ is a trivial character and
b˜ = 0. For every vertex v = FI ∈ ∆n we have CI = (1). Then
bv = (0, . . . , 0) ∈ Zn+1 for all vertices v ∈ ∆n. If r = FJ ⊂ ∆n is
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an edge, then vector αr ∈ Zn may be found explicitly, by solving
(n − 1) linear equations. Suppose, for example, that r = FJ , where
J = {1, . . . , n− 1}. Then the primitive vector αr is orthogonal to first
(n − 1) columns of the matrix Λ, which coincide with first (n − 1)
columns of unit (n× n)-matrix. It follows that αr = (0, . . . , 0, 1) ∈ Zn.
The vector ur = α
T
r Λ ∈ Zn+1 is equal to (0, . . . , 0, 1,−1).
Similarly, ur = α
T
r Λ = (ei − ej) for every edge
r = FJ , J = [1, n+ 1] \ {i, j}, 1 6 i < j 6 n+ 1. So
Xk˜ = {c0} ∪ {cei−ej | 1 6 i < j 6 n + 1}, where we denote by
cx ∈ ch(Tm) the character determined by vector x ∈ Zm. In
general, for every projective toric variety the vector ur, r ⊂ P ,
coincides with primitive vector collinear with the edge iP (r) ⊂ Rm.
We have ϕei−ej = ziz¯j for 1 6 i < j 6 n + 1. It is clear from the
construction that maps ϕei−ej are invariant under the diagonal circle
action on Cn+1. The moment-angle manifold Z∆n of the simplex ∆n
is the sphere S2n+1. The projection map ρ∆n is given by the formula
(z0, . . . , zn) → (z0z¯0, . . . , znz¯n). We may identify space Rn+1 × Cn(n+1)2
with space of Hermitian ((n + 1) × (n + 1))-matrices. Then the map
ρ∆n × ϕ : S2n+1 → Rn+1 × Cn(n+1)2 is given by the formula
z 7→ zT z¯,
where z = (z0, . . . , zn), z¯ = (z¯0, . . . , z¯n) and z
T is z transposed.
The map ρ∆n ×ϕ : S2n+1 → Rn+1×Cn(n+1)2 generates an embedding
of the quasitoric manifold
π × ϕ˜ : CP n → Rn+1 × Cn(n+1)2 .
Note that the total number of monomial functions is equal to the
number of edges in ∆n. This number is less than the upper bound
for |Xk˜|, which is f0(∆n)(n + 1) = (n+ 1)2.
Consider now the simplest non-trivial character of the subgroup
K determined by the element b˜ = (1) ∈ Z. Since CI = (1)
for any vertex v = FI ∈ P , the character kv corresponding to
v = ei = (0, . . . , 0, 1, 0, . . . , 0) ∈ ∆n is also determined by the vector ei,
i ∈ [1, n + 1]. So all of the vectors bv, v ∈ P , are pairwise distinct.
If v′ = ej is another vertex of the simplex, then the edge r ⊂ ∆n
containing v and v′ does not contain any other lattice points, so
av,r = bv′ .
Therefore, the map ϕ˜
P,k˜ is formed by (n + 1) monomial functions
which in this case coincide with coordinate functions on Cn+1. The
corresponding projective map is simply the identical map CP n → CP n.
We can see that the dimension of the projective embedding is even less
than the dimension of the affine embedding constructed above. Another
important thing to note is that the embedding is generated only by the
component ϕ˜
P,k˜: the moment map π is not necessary in this example.
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This is common for quasitoric manifolds coming from projective toric
varieties; we will give the precise formulation later, in 6.1.
In the remaining part of this section we prove theorem 5.6. Recall
that for any vertex v ∈ P bv ∈ Zm is the vector corresponding
to the character kv ∈ Xk˜ and av,r ∈ Zm the vector corresponding
to the character kv,r ∈ Xk˜. We show first that the projective map
ϕ˜
P,k˜ is well-defined. It is enough to check that there exists a subset
in Xk˜ such that the corresponding monomial functions never vanish
simultaneously on the moment-angle manifold ZP ⊂ Cm.
Lemma 5.9. The maps ϕbv , v ∈ P , do not vanish simultaneously on
ZP .
Proof. If k˜ ≡ 1, then ϕbv ≡ 1 for all v ∈ P , so the statement of the
lemma is obviously true. Suppose that the character k˜ is non-trivial and
all maps ϕbv vanish in some point z ∈ ZP . Consider now some vertex
v0 ∈ F (ρP (z)). If F (ρP (z)) = FI , then all coordinates of the vector bv0
with indices from the set I are zero. Therefore, the monomial function
ϕbv0 depends only on nonzero coordinates of the point z. 
We see that the map ϕ˜
P,k˜ : M → CP r−1 is well-defined. Suppose now
that (π × ϕ)(z) = (π × ϕ)(z′) for some z, z′ ∈ ZP . Since π(z) = π(z′),
the points z and z′ lie in the same orbit of the action of Tm, so there
exists an element t = (t1, . . . , tm) ∈ Tm such that z′i = tizi, i ∈ [1, m].
If F (ρP (z)) = F (ρP (z
′)) = FI , then this element t ∈ Tm is defined only
up to the coordinates from the set I, which, in turn, may be arbitrary,
since z′i = zi = 0 for i ∈ I. Showing that π × ϕP,k˜ is an embedding of
the quasitoric manifold M is equivalent to proving that if π(z) = π(z′)
and ϕ˜
P,k˜(z) = ϕ˜P,k˜(z
′), then there exists an element t ∈ K such that z′
= tz.
Choose an arbitrary vertex v0 ∈ FI and let r1, . . . , rdimFI = rn−|I| be
edges of the face FI containing v0.
Lemma 5.10. If dimFI > 1, then isotropy subgroups
χ(r1), . . . , χ(rdimFI ) are pairwise distinct.
Proof. The statement of the lemma follows from the fact that the
action of Tn is locally standard in the neighborhood of the point
π−1(v0) ∈M . 
It follows that vectors uri = av0,ri − bv0 , i ∈ [1, dimFI ], are also
pairwise distinct and linearly independent.
Lemma 5.11. If v0 =
n⋂
j=1
Fj, then j-th coordinate of the vector uri is
equal to ±1, if v0 = ri ∩ Fj, and to zero otherwise (if ri ⊂ Fj).
Corollary 5.12. All of the coordinates of uri, i ∈ [1, dimFI ],
corresponding to the indices from the set I are zero.
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Proof. As we know, every vector uri determines a character
µri : T
m → T1 such that t ∈ ker µri if and only if l(t) acts trivially
on the two-dimensional sphere π−1(ri). If we have ri ⊂ Fj , then j-th
coordinate of all points in ρ−1P (ri) ⊂ ZP ⊂ Cm is zero. So s ∈ kerµri for
every s ∈ Tj . Since the homomorphism l : Tm → Tn is a characteristic
function, the restriction of l to the torus generated by subgroups Tj ,
v0 ∈ Fj , is an isomorphism. If v0 = ri ∩ Fj and j-th coordinate of uri
is not ±1, then the isotropy subgroup of any point in π−1( ◦ri) cannot
be isomorphic to Tn−1, so the action of Tn on M would not be locally
standard in this case. 
If z′ = tz and ϕ˜
P,k˜(z
′) = ϕ˜
P,k˜(z), then ϕuri (z
′) = ϕuri (z)
for all uri. Denote by pI(t) an image of the element t ∈ Tm
under the canonical projection pI : T
m → T[1,m]\I . Then
ϕuri (z
′) = ϕuri (tz) = pI(t)
uriϕuri (z) and we have pI(t)
uri = 1 for
all i ∈ [1, dimFI ]. We will show that pI(t) ∈ pI(K); surely, this implies
that there exists an element t ∈ K such that z′ = tz.
The vectors uTri, i = 1 . . .dimFI , with coordinates from the index set
I removed form an integral matrix ΛI of the size (dimFI × (m− |I|)).
Lemma 5.13. The sequence
1→ Tm−n CI−→ T[1,m]\I ΛI−→ TdimFI → 1
is exact.
Proof. By 5.12, we have ΛICI = 0, since u
T
ri
C = 0 by lemma 5.2.
By lemma 4.7, the matrix CI determines a monomorphism of the torus
Tm−n to a direct factor in T[1,m]\I . The matrix formed by uri contains
a unit submatrix of rank (n − |I|) by the lemma 5.11. Therefore, the
map T[1,m]\I
ΛI−→ TdimFI is epimorphic and its kernel coincides with
Im(CI). 
Lemma 5.13 completes the proof of the part of theorem 5.6
concerning the injectivity of π × ϕ˜
P,k˜. Indeed, if pI(t)
uri = 1 for all
ri, then pI(t) ∈ CI(Tm−n) = pI(K).
Let us now prove the part of theorem 5.6 concerning pullback map
in cohomology. If CP q−2 ⊂ CP q−1 is an embedding of one of standard
coordinate hyperplanes, then the corresponding monomial function is
given by a vector a ∈ Zm, where a is either one of the vectors bv, v ∈ P ,
or one of the vectors av,r, v ∈ r ⊂ P . The preimage ϕ˜−1
P,k˜
(CP q−2) ⊂ M
is then formed by a union of characteristic submanifolds π−1(Fj) ⊂M ,
Fj ⊂ P . The multiplicity of each component π−1(Fj) is equal to
j-th coordinate of the vector a. The second cohomology group of the
quasitoric manifold M is a free abelian group generated by duals of
characteristic submanifolds and factorized by relations given by rows
of the matrix Λ. If the character k˜ is non-trivial, then, by lemma 5.2,
a /∈ Im(ΛT ), so the pullback map is nonzero. If the chacacter k˜ is trivial,
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then the image of the map ϕ˜
P,k˜(M) lies entirely in an affine chart of
CP q−1.
Let us finally check that the map π × ϕ˜
P,k˜ is a smooth embedding
of M . The map ρP × ϕP,k˜ is constant on orbits of the action of K, so
any vector that is tangent to orbit lies in the kernel of (ρP × ϕP,k˜)∗.
We need to show that the kernel of (ρP × ϕP,k˜)∗ in any point z ∈ ZP
does not have vectors other than tangent to orbit. The map ρP × ϕP,k˜
commutes with the action of Tm on ZP , so it is enough to check the
case z ∈ s(P ) ⊂ ZP , i.e. all coodinates of z are real and non-negative.
Let v be an arbitrary vertex of the face F = FI = F (ρP (z)). We may
suppose that I = {1 . . . k} and v = F1 ∩ . . . ∩ Fn.
Consider the following system of local coordinates in the point
z ∈ ZP :
(1) Cartesian coordinates x1, y1, . . . , xk, yk;
(2) arguments tk+1, . . . , tn of complex coordinates zk+1, . . . , zn;
(3) local coordinates in the image s(
◦
F ) ⊂ ZP .
Choosing a system of local coordinates in the orbit of the action of K
gets us a complete coordinate system in the neighborhood of z ∈ ZP .
Let r1, . . . , rn ⊂ P be edges outgoing from v. From the proof of the
lemma 5.9 it follows that ϕbv(z) 6= 0. Now consider the following local
coordinates in the image of the map ρP × ϕP,k˜:
(1) real and imaginary parts of monomial functions ϕav,ri/ϕbv ,
i = 1 . . . k;
(2) arguments of monomial functions ϕav,ri/ϕbv , i = k + 1, . . . , n;
(3) local coordinates in the neighborhood of the point
ρP (z) = π(πl(z)).
By lemma 5.11, every function ϕav,ri/ϕbv , i = 1 . . . n, has the form
zˆ±1i F (z), where F is a monomial function depending only on variables
z±1n+1, z¯
±1
n+1, . . . , z
±1
m , z¯
±1
m . This implies that the square matrix of all
partial derivatives in provided coordinate systems is non-degenerate.
6. Projective embeddings of toric varieties
It is well known that a projective toric variety M is a symplectic
quotient of a corresponding moment-angle manifold ZP ⊂ Cm, which
coincides with the level set of a Hamiltonian Cm → Rm−n defined
by the action of K ⊂ Tm on Cm. By Delzant theorem ([12]), the
vertices of polytope P lie in the lattice Zn ⊂ Rn. The lattice points
from the interior of P (including those on the boundary) generate
an embedding of M to the projective space indexed by these points.
In other words, the statement of the theorem 5.6 may be strenghtened
for toric varieties – the embedding is determined solely by monomial
functions, without the moment map. In this section we will give the
proof of this statement which will not use algebraic geometry. This
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allows to construct projective embeddings of symplectic toric varieties
using only their symplectic quotient construction.
By Kodaira theorem ([18]), if M is a compact complex manifold
with a positive holomorphic linear bundle (for example, this is true,
when M has a rational Ka¨hler form), then there exists a complex-
analytic embedding of M to CP n. A generalization of this theorem to
the class of compact symplectic manifolds is Gromov-Tishler theorem
([17], [24]): any symplectic manifold with a rational symplectic form
ω may be embedded into CP n in such a way that the form ω will
be a pullback of the standard symplectic form on CP n. The proof of
both theorems is essentially based on analysis, in particular, on theory
of elliptic operators. In the case of quasitoric manifolds the usage of
combinatorial data (P,Λ) allows to avoid this machinery.
If CP is a cokernel matrix for AP (see (4)), then one may choose
CTP as the matrix C determining the subgroup K →֒ Tm. The polytope
P ⊂ Rn is mapped under iP : x 7→ APx + bP into an intersection of
the corresponding affine n-plane with Rm>0. The lattice points from the
interior of P map into the set of lattice points yj ∈ Zm satisfying two
conditions:
• coordinates of all points yj are non-negative,
• CP (yi) = CP (bP ).
This implies that all degrees of all variables zi of a monomial map
generated by any of yj ∈ SP are non-negative. It is a known result
in toric geometry that the map defined by all of yj ∈ SP generates
an embedding of M into space CP |SP |−1 (e.g.[15]).
We will give the proof of this result in a slightly strengthened form.
Since CT = CP , the points {yj} all determine the same character
k˜P : K → T1, which is also a restriction of the character defined by
bP ∈ Zm to the subgroup K. Let us construct the character set Xk˜P
and system of vectors {bv, av,r} as in theorem 5.6. In the case of toric
variety vectors bv, v ∈ P , correspond to the vertices of P , that is, bv
= iP (v) ∈ Zm for all v. For every vertex v ∈ P and an edge r ⊂ P
containing v the vector av,r is simply the point on the edge iP (r) that
is closest to the vertex iP (v) (and not equal to it).
Note that all of the vertex vectors bv are pairwise different, but this
might not be true for av,r. If an edge r contains vertices v0, v1 and there
is no lattice points on iP (r) except iP (v0) and iP (v1) themselves, then
av0,r = bv1 and av1,r = bv0 , as in the example of CP
n that we’ve seen
before. If there is exactly one lattice point on iP (r) except iP (v0) and
iP (v1), then it is the middle of the edge iP (r) so we have av0,r = av1,r.
There is also an important difference from the general situation of
quasitoric manifold: exactly n coordinates of each vector bv, v ∈ P , are
equal to zero and the rest of (m− n) coordinates must be positive.
We now formulate the main result of this section.
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Theorem 6.1. Suppose that combinatorial data (P,Λ) of a quasitoric
manifold M satisfies following conditions:
• bP ∈ Zm,
• we have ATP = BΛD, where B is an invertible integral (n× n)-
matrix and D is a diagonal (m × m)-matrix with all nonzero
elements equal to ±1.
Then the vector bP ∈ Zm determines a character Tm → T1 whose
restriction to the subgroup K ⊂ Tm gives a character k˜P : K → T1.
The projective map ϕ˜
P,k˜P
: M → CP q−1 constructed from the set Xk˜P
(see 5.6) is a smooth embedding.
Corollary 6.2. Suppose thatM is a complete nonsingular toric variety
determined by a normal fan of some simple lattice polytope P . Consider
monomials determined by vectors bv = iP (v) ∈ Zm, v ∈ P , and av,r,
v ∈ r ⊂ P , where av,r is a closest point to iP (v) on the edge iP (r).
Denote by XP the set of all such monomials. Then the corresponding
map of Cm to Cq, q = |XP |, induces an equivariant embedding
ϕ˜
P,k˜P
: M → CP q−1.
It is well known in algebraic geometry that a complete toric variety is
projective if and only if its fan is a normal fan of some simple polytope
(see e.g.[15]). As shown in [23], there exist complete toric varieties that
are not quasitoric manifolds.
Example 6.3. Consider a quasitoric manifold over the polytope
P = ∆n. In this case we have m = n + 1, ZP = S2n+1 and K is a
one-dimensional subgroup in Tn+1 determined by ((n+ 1)× 1)-matrix
C. The condition of K acting freely on S2n+1 is equivalent to the fact
that C = (c1, c2, . . . , cn+1)
T , where ci = ±1. Then the reduced form of
Λ is:
Λ =


1 . . . 0 −c1cn+1
...
. . .
...
...
0 . . . 1 −cncn+1

 .
Let B be a diagonal (n × n)-matrix with diagonal values
c1cn+1, . . . , cncn+1, and D be a diagonal (n + 1)× (n + 1)-matrix with
diagonal values c1cn+1, . . . , cncn+1, 1. Then we have
BΛD =


1 . . . 0 −1
...
. . .
...
...
0 . . . 1 −1

 = ATP .
Consider the character of Tm given by the vector bP = (0, . . . , 0, 1)
T .
The restriction of this character to the subgroup K ⊂ Tm is defined
by the single number CT (bP ) = cn+1 ∈ Z. Every vertex v = FI ∈ ∆n
defines the (1× 1)-matrix CI equal to (ci). Consequently, the vector bv
has the form (0, . . . , cicn+1, . . . , 0) ∈ Zn+1.
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Note that all vectors bv are pairwise different. If r is an edge
containing vertices v0 and v1, then av0,r is the closest lattice point
to bv0 on the ray that starts in bv0 and goes through bv1 . In our
case we always have av0,r = bv1 . If vi ∈ ∆n, i ∈ [1, n + 1], then
ϕbvi = (zˆi)
cicn+1. These monomial functions generate an embedding
of quasitoric manifold M = Z∆n/K to the projective space CP n of the
same dimension. Clearly this is an equivariant diffeomorphism with
respect to the representation Tn+1/K → Tn and standard action of Tn
на CP n.
Proof of theorem 6.1. After a suitable basis change in n-dimensional
torus Tm/K we may assume that B is a unit matrix and ATP = ΛD.
Next, since 0 = ATPC
T
P = ΛDC
T
P , the matrix C = DC
T
P is a cokernel
matrix for Λ.
Suppose that the theorem is proved when D is a unit matrix and
Λ = ATP . Then the set of vectors bv and av,r constructed from the
character defined by vector CP (bP ) ∈ Zm−n determines a monomial
map ZP/K˜ = M˜ → CP q−1. Here the subgroup K˜ ⊂ Tm is an image of
the torus Tm−n under the embedding induced by the matrix DC = CTP .
It follows that the system of vectors Dbv and Dav,r generates an
embedding M → CP q−1 of initial quasitoric manifold M . Therefore,
it suffices to prove theorem 6.1 in the case of B and D being unit
matrices. Moreover, the proof of theorem 5.6 shows that we only need
to establish the following result.
Lemma 6.4. If z′, z ∈ ZP and ϕ˜P,k˜P (z′) = ϕ˜P,k˜P (z), then |z′j | = |zj|
for all j ∈ [1, m].
Proof. Suppose that z′, z ∈ ZP and ϕ˜P,k˜P (z′) = ϕ˜P,k˜P (z). Let us first
show that there exists a face F ⊂ P such that ρP (z′), ρP (z) ∈
◦
F .
The sets I ′ and I of indices of zero coordinates of z and z′ correspond
to some faces FI′ and FI of the polytope P . If FI′ 6= FI , then there exists
a vertex v that belongs only to one of the faces; suppose that v ∈ FI′ ,
v /∈ FI and Fj is a hypersurface containing FI and not containing v.
Then the degree of zj in the monomial ϕbv is strictly positive, so ϕbv(z)
= 0. Since the set of nonzero coordinates of the vector bv is contained
in the set [1, m] \ I ′, we have ϕbv(z′) 6= 0. 
As a consequence, there exists an index set I and a face FI ⊂ P such
that z′i = zi = 0 ⇐⇒ i ∈ I. Let J = [1, m] \ I. Consider vectors β,
β ′, w, w′ with components βj = |zj|2, β ′j = |z′j |2, wj = (log |zj |2),
w′j = (log |z′j|2), j ∈ J . Consider the composition of the affine
maps Rk
jF−→ Rn iP−→ Rm, where the first map is an affine embedding
of F ⊂ Rk onto the face FI ⊂ P ⊂ Rn. Then we have β ′, β ∈ jF (F ).
Let x′, x ∈ F be the points in the interior of F ⊂ Rk such that
iP (jF (x
′)) = β ′, iP (jF (x)) = β.
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Proposition 6.5. Let H : U → Rk be a smooth map defined on an open
convex region U ⊂ Rk. Suppose that Jacobian JH of H is symmetric
and positive definite in each point of U . Then H is an embedding.
Proof. Let x, y ∈ U , x 6= y and p(t) = x + t(y − x) be the segment
joining x and y. Since JH is symmetric and positive definite, we have
(JH(w), w) > 0 for any vector w in any point of U . Denote by Hv
the projection of H to the direction v = (y − x) = (v1, . . . , vk). Then
Hv =
∑
i
viHi, where H = (H1, . . . , Hk). The derivative of Hv in the
direction v is therefore equal to
∑
i
vi
Hi
∂v
=
∑
i
∑
j
vivj
∂Hi
∂xj
= (JH(v), v).
Since (JH(v), v) > 0 everywhere on the path p(t), Hv(y) > Hv(x), so
H(y) 6= H(x). 
Remark 6.6. JH being symmetrical is equivalent to the fact that the
differential form ω =
n∑
i=1
Hidxi is closed. By Poincare´ lemma, the form
ω is exact on U . Therefore ω = dF for some smooth F : U → R and in
this case JH is Hessian of F .
We will show below that the components of the monomial map ϕk˜P
generate the map H :
◦
F→ Rk defined on the open face
◦
F⊂ Rk and
satisfying conditions of lemma 6.5.
Consider an arbitrary vertex v0 ∈ FI ⊂ P . Denote by r1, . . . , rk,
k = dimFI , the edges of the face FI containing v0. If ϕav0,ri : ZP → C
are the corresponding monomial maps, then there exists µ ∈ C∗ such
that ϕav0,ri (z
′) = µϕav0,ri (z) for all i ∈ [1, k]. Consider the maps
φi(z) = log
( |ϕav0,ri (z)|2
|ϕbv0 (z)|2
)
, i ∈ [1, k], z ∈ ZP .
Then φi(z
′) = φi(z) for all i ∈ [1, k].
Note that every function φi considered as the function of argument
w is linear. If Φ = (φ1(w), . . . , φk(w)) is the corresponding linear map
from RJ to Rk, then Φ(w′) = Φ(w). We need to show that β ′ = β or,
equivalently, w′ = w. Since the map jF is injective, w
′ = w if and only
if x′ and x coincide.
It is enough to show that Φ(w′) = Φ(w) implies that x′ = x
in j−1F (FI) ⊂ Rk. Denote by pJ : Rm → RJ the standard projection
map. The composite map Φ ◦ pJ ◦ jF : Rk → Rk is a smooth (not
linear) function of x ∈ Rk. The map Φ ◦ pJ is linear by w. The
linear function φi◦pJ is defined by them-dimensional coefficient vector
uri = (av0,ri − bv0). By lemma 5.2, we have uri ∈ ImAP = ImΛT . This
means that the vectors uri, which are also rows of the matrix Φ ◦ pJ ,
are linear combinations of columns of the matrix AP .
Consider the matrix L1 of a linear map corresponding to the affine
embedding iP ◦ jF : Rk → Rm. The rank of L1 is equal to k and its
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rows are also the linear combinations of columns of AP . Moreover, all
columns of L1 with indices from the set I are zero. Denote by L0 the
matrix of the mapping Φ ◦ pJ which is linear by w = (wj). As said
before, the matrix L0 is formed by vectors uri. By corollary 5.12, all
coordinates of the vectors uri, i ∈ [1, k], from the index set I are zero.
By lemma 5.11, the matrix L0 contains the unit submatrix of rank
k, so L0 also has the rank k. The fact that the matrix A
T
P = Λ is
a characteristic function now implies that every row of L1 is a linear
combination of columns of L0. This means that there exists a (k × k)-
matrix D such that DL0 = L
T
1 . Since L1 has also rank k, the matrix D
is invertible. We can see that the matrix of composition of Φ ◦ pJ with
an automorphism of Rk given by D is exactly the matrix LT1 .
Consider now the composite map
U
jF−−→ Rm
D◦Φ◦pJ−−−−−−→ Rk,
where U = j−1F (
◦
FI) is a convex region in R
k. If jF (x) = L1(x) + d,
where d = (dj) and L1 = (lji), then we have
βj = ljixi + dj, φk = ljk log(βj),
and this implies
∂φk
∂xi
=
∑
j∈J
∂φk
∂βj
∂βj
∂xi
=
∑
j∈J
lji
βj
ljk.
We see that Jacobian of this composite map is symmetric and positive
definite in every point of U . The proof of lemma 6.4 is accomplished
by applying proposition 6.5. The fact that Jacobian is non-degenerate
in every point of U also implies that ϕ˜
P,k˜P
is a smooth embedding. 
Note that the form ω =
n∑
i=1
φidxi in our case coincides with the form
i∗P
(∑
j /∈I
log(βj)dβj
)
, which is obviously exact.
Let us consider an example of toric variety of complex dimension
three over Stasheff polytope K5.
The matrix Λ = ATP has the form
Λ =


1 0 0 −1 0 0 0 1 −1
0 1 0 0 −1 0 −1 0 1
0 0 1 0 0 −1 −1 1 0

 ,
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and the vector bP is equal to (0, 0, 0, 3, 3, 3, 5,−1, 2)T . The matrix
C = CTP may be chosen in the form containing only zeros and ones:
C =


1 0 0 1 0 0
0 1 0 0 0 1
0 0 1 1 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 1 1
0 0 0 0 1 0
0 0 0 1 1 0


.
Note that fixing C = CTP immediately allows us to write explicitly
all of the equations that define the moment-angle manifold ZP ⊂ C9.
When all of entries of C are non-negative, the manifold ZP is
an intersection of spheres and cylinders in corresponding Euclidean
space. In our case the manifold ZP ⊂ C9 is given by the following
equations:
|z1|2 + |z4|2 = 3,
|z2|2 + |z5|2 = 3,
|z3|2 + |z6|2 = 3,
|z1|2 + |z3|2 + |z7|2 + |z9|2 = 7,
|z7|2 + |z8|2 + |z9|2 = 6,
|z2|2 + |z3|2 + |z7|2 = 5.
The moment-angle manifold ZP ⊂ C9 has a real dimension 12. It is
endowed with the action of the compact torus T9, with six-dimensional
subgroup K ⊂ T 9 acting freely on ZP .
Stasheff polytope may be obtained from the cube I3 by a sequence
of cutting faces of codimension two. The polytopes that are obtained
from the n-dimensional cube in this way are called 2-truncated cubes.
The theory of 2-truncated cubes has been developed in the paper [6];
the class of 2-truncated cubes provides a wide variety of quasitoric
manifolds with an explicit description of the data (P,Λ). When a face
of codimension two of the simple polytope P is cut, the corresponding
matrix Λ = ATP is extended by a column that is a sum of two other
columns of Λ; these columns correspond to facets adjacent to the face
being cut.
If we enumerate the facets of Stasheff polytope according to the
rows of the matrix C (see above), then two-element sets corresponding
to the edges of K5 are (1, 2), (1, 5), (1, 6), (1, 7), (1, 8), (2, 3), (2, 6),
(2, 8), (2, 9), (3, 4), (3, 5), (3, 8), (3, 9), (4, 5), (4, 6), (4, 7), (4, 9),
(5, 7), (5, 8), (6, 7), (6, 9). For every pair of numbers we need to
exclude two corresponding rows from the matrix C and then find the
cokernel matrix (it would be a vector in Z7). Let us write out all of
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the corresponding maps ϕij : C
9 → C:
ϕ12 = z3z¯6z¯7z8, ϕ15 = z¯3z6z7z¯8, ϕ16 = z¯2z5z7z¯9,
ϕ17 = z¯2z3z5z¯6z8z¯9, ϕ18 = z2z¯5z¯7z9, ϕ23 = z1z¯4z8z¯9,
ϕ26 = z1z¯4z8z¯9, ϕ28 = z¯1z3z4z¯6z¯7z9, ϕ29 = z¯3z6z7z¯8,
ϕ34 = z¯2z5z7z¯9, ϕ35 = z¯1z4z¯8z9, ϕ38 = z2z¯5z¯7z9,
ϕ39 = z1z2z¯4z¯5z¯7z8, ϕ45 = z3z¯6z¯7z8, ϕ46 = z2z¯5z¯7z9,
ϕ47 = z¯2z3z5z¯6z8z¯9, ϕ57 = z¯1z4z¯8z9, ϕ58 = z¯1z3z4z¯6z¯7z9,
ϕ67 = z¯1z4z¯8z9, ϕ69 = z1z2z¯4z¯5z¯7z8.
This example shows that even in non-trivial cases, when P is not
a product of other polytopes, the number q of pairwise distinct vectors
ur and pairwise distinct monomials ϕur may be significantly less
than f1(P ) (the upper bound). In the case of Stasheff polytope we
have q = 6 and f1(P ) = 21. These monomial functions embed the
quasitoric manifold corresponding to Stasheff polytope to Euclidean
space R3 × C6.
Let us now construct the projective embedding of Stasheff polytope
described in theorem 6.1. According to the algorithm, we need to choose
the set of lattice points in Zm formed by vertices of the polytope
iP (P ) ⊂ Rm>0 and the lattice points on the edges that are next to
vertices. These lattice points determine monomial functions which in
turn define an embedding of the manifold.
The Stasheff polytope has 14 vertices – these are the points (1, 0, 0),
(0, 0, 1), (1, 3, 0), (0, 3, 1), (2, 0, 0), (3, 1, 0), (3, 1, 3), (2, 0, 3), (3, 2, 3),
(0, 2, 3), (0, 3, 2), (3, 3, 2), (0, 0, 3), (3, 3, 0). The additional points on
the edges of P are (1, 1, 0), (1, 2, 0), (2, 3, 0), (3, 2, 0), (0, 1, 1), (0, 2, 1),
(3, 3, 1), (3, 1, 1), (2, 0, 1), (1, 3, 2), (2, 3, 2), (3, 1, 2), (2, 0, 2), (0, 0, 2),
(1, 0, 3), (0, 1, 3), (1, 2, 3), (2, 2, 3) – 18 points in total.
The following monomial functions define a projective embedding of
the manifold corresponding to Stasheff polytope K5:
ϕb1 = z1z
2
4z
3
5z
3
6z
5
7z9, ϕb2 = z3z
3
4z
3
5z
2
6z
4
7z
2
9 , ϕb3 = z1z
3
2z
2
4z
3
6z
2
7z
4
9 ,
ϕb4 = z
3
2z3z
3
4z
2
6z7z
5
9 , ϕb5 = z
2
1z4z
3
5z
3
6z
5
7z8, ϕb6 = z
3
1z2z
2
5z
3
6z
4
7z
2
8 ,
ϕb7 = z
3
1z2z
3
3z
2
5z7z
5
8 , ϕb8 = z
2
1z
3
3z4z
3
5z
2
7z
4
8 , ϕb9 = z
3
1z
2
2z
3
3z5z
5
8z9,
ϕb10 = z
2
2z
3
3z
3
4z5z
2
8z
4
9 , ϕb11 = z
3
2z
2
3z
3
4z6z8z
5
9 , ϕb12 = z
3
1z
3
2z
2
3z6z
4
8z
2
9 ,
ϕb13 = z
3
3z
3
4z
3
5z
2
7z
2
8z
2
9 , ϕb14 = z
3
1z
3
2z
3
6z
2
7z
2
8z
2
9 .
ϕa1 = z1z2z
2
4z
2
5z
3
6z
4
7z
2
9 , ϕa2 = z1z
2
2z
2
4z5z
3
6z
3
7z
3
9 , ϕa3 = z
2
1z
3
2z4z
3
6z
2
7z8z
3
9 ,
ϕa4 = z
3
1z
2
2z5z
3
6z
3
7z
2
8z9, ϕa5 = z2z3z
3
4z
2
5z
2
6z
3
7z
3
9 , ϕa6 = z
2
2z3z
3
4z5z
2
6z
2
7z
4
9 ,
ϕa7 = z
3
1z
3
2z
1
3z
2
6z7z
3
8z
2
9 , ϕa8 = z
3
1z2z3z
2
5z
2
6z
3
7z
3
8 , ϕa9 = z
2
1z3z4z
3
5z
2
6z
4
7z
2
8 ,
ϕa10 = z1z
3
2z
2
3z
2
4z6z
2
8z
4
9 , ϕa11 = z
2
1z
3
2z
2
3z4z6z
3
8z
3
9 , ϕa12 = z
3
1z2z
2
3z
2
5z6z
2
7z
4
8 ,
ϕa13 = z
2
1z
2
3z4z
3
5z6z
3
7z
3
8 , ϕa14 = z
2
3z
3
4z
3
5z6z
3
7z8z
2
9 , ϕa15 = z1z
3
3z
2
4z
3
5z
2
7z
3
8z9,
ϕa16 = z2z
3
3z
3
4z
2
5z7z
2
8z
3
9 , ϕa17 = z1z
2
2z
3
3z
2
4z5z
3
8z
3
9 , ϕa18 = z
2
1z
2
2z
3
3z4z5z
4
8z
2
9 .
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We see that the dimension of the projective embedding is much
more than the dimension of the affine embedding, so in this sense the
case of Stasheff polytope K5 is quite different from the manifold CP
n
corresponding to the simplex ∆n.
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